In this paper, a numerical investigation is carried out to study the effect of temperature dependent viscosity and thermal conductivity on heat transfer and slip flow of electrically conducting non-Newtonian nanofluids. The power-law model is considered for water based nanofluids and a magnetic field is applied in the transverse direction to the flow. The governing partial differential equations(PDEs) along with the slip boundary conditions are transformed into ordinary differential equations(ODEs) using a similarity technique. The resulting ODEs are numerically solved by using fourth order RungeKutta and shooting methods. Numerical computations for the velocity and temperature profiles, the skin friction coefficient and the Nusselt number are presented in the form of graphs and tables. The velocity gradient at the boundary is highest for pseudoplastic fluids followed by Newtonian and then dilatant fluids. Increasing the viscosity of the nanofluid and the volume of nanoparticles reduces the rate of heat transfer and enhances the thickness of the momentum boundary layer. The increase in strength of the applied transverse magnetic field and suction velocity increases fluid motion and decreases the temperature distribution within the boundary layer. Increase in the slip velocity enhances the rate of heat transfer whereas thermal slip reduces the rate of heat transfer.
Introduction
In recent years, gradual development in fluid dynamics has resulted active studies of nanofluids, due to their applications in different industrial sectors. Choi [1] first introduced the term nanofluids and demonstrated theoretically the validity of the concept by including nano-sized particles in ordinary fluids. Eastman et al. [2] observed an unusual thermal conductivity enhancement in copperwater nanofluids at small nanoparticle volume fraction. Experiments performed by [3] [4] [5] confirm that the thermal conductivity of nanofluids is higher than the thermal conductivity of ordinary fluids. Buongiorno [6] theoretically observed that the properties of nanofluids like wetting, spreading and dispersion on a solid surface are better and more stable when compared to ordinary fluids. A comprehensive literature survey on slip flow of nanofluids under different thermo-physical situations is presented in [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . In addition to the above studies Vahabzadeh et al. [19] obtained the analytical solutions of nanofluid flow over a horizontal stretching surface with variable magnetic field and viscous dissipation effects. They employed the homotopy perturbation method, Adomian decomposition method, and variational iteration method to determine the solution for the nanofluid flow and heat transfer characteristics within the boundary layer. Comparisons are also drawn with solutions obtained through numerical techniques. Similar to Vahabzadeh, Anwar et al. [20] used the variation iteration method to study the flow of nanofluid over an exponentially stretching surface within a porous medium.
The aforementioned studies and comprehensive literature review on convective transport of nanofluids reveal that non-Newtonian models for nanofluids have not received much attention. Some authors considered nonNewtonian models for the study of nanofluids, for example, Santra et al. [21] numerically studied forced convective flow of Cu-water nanofluid in a horizontal channel. They considered the power-law model for a non-Newtonian nanofluid and concluded that the rate of heat transfer increases due to increase in the volume of nanoparticles. Ellahi et al. [22] presented series solutions for flow of thirdgrade nanofluids considering both the Reynolds and Vogels model. Flow and heat transfer analysis of Maxwell nanofluids over a stretching surface was considered by Nadeem et al. [23] . Ramzan and Bilal [24] studied unsteady MHD second grade incompressible nanofluid flow towards a stretching sheet. Hayat et al. [25] examined the influence of convective boundary conditions on power-law nanofluid. Khan and Khan [26] presented a numerical investigation on MHD flow of power-law nanofluid induced by nonlinear stretching of a flat surface. Moreover, Aziz et al. [27] found exact solutions for the Stokes' flow of a nonNewtonian third grade nanofluid model using a Lie symmetry approach. In addition to the above, the models for non-Newtonian nanofluid are well discussed in [28] [29] [30] .
To the best of the authors' knowledge no research has been conducted to study MHD slip flow of powerlaw nanofluids having variable thermo-physical properties over a permeable flat surface. In the present research, we investigate slip flow of an electrically conducting power-law nanofluid over a permeable flat surface with power-law wall slip condition and temperature dependent viscosity and thermal conductivity. The forth order RK method with shooting technique is employed to obtain solutions numerically. The influence of various physical parameters on the behavior of velocity and temperature of Cu-water nanofluid, with skin friction coefficient and the Nusselt number is discussed in detail.
Physical model and formulation
Consider the steady, laminar flow of an incompressible electrically conducting non-Newtonian nanofluid over a permeable flat surface. The power-law non-Newtonian fluid model is assumed for the water based nanofluid and power-law velocity slip condition is employed at the boundary. A uniform magnetic field is applied in the transverse direction to the flow. The viscosity and the thermal conductivity vary with temperature T. The porosity of the surface is considered as uniform and the uniform magnetic field of strength Bo is applied in the direction perpendicular to sheet. The induced magnetic field is considered negligible when compared to the applied magnetic field. In view of the above assumptions, as well as of the usual boundary layer approximations the governing equations are thus:
,
Here u is a component of velocity along the direction of the flow and v is the velocity perpendicular to it. µ nf (T), ρ nf , σ nf , (Cp) nf , κ nf (T) refer to nanofluid dynamic viscosity, density, electrical conductivity, specific heat capacity of nanofluid at fixed pressure and thermal conductivity respectively. Moreover, U∞ is the velocity far away from the surface known as the free stream velocity and n is the power-law index. The appropriate conditions for the modeled problem are:
where Tw is the surface temperature and T∞ is the temperature outside the boundary layer,
√︀ Re x are the velocity and thermal slip factors with L 0 as initial velocity slip, D 0 as initial thermal slip and
is the local Reynolds number. Finally, Vw is the constant suction/injection velocity across the surface. Commonly used property relations for nanofluids are presented as (for details see [31] [32] [33] ):
and
In Eqs. (6)- (9), µ * nf is the effective dynamic viscosity of the nanofluid, κ * nf is a constant thermal conductivity with ϵ as a parameter, a and b are positive constants, ϕ is the volume fraction of solid nanoparticles in the base fluid, ρ f , (Cp) f , µ f , κ f and σ f are the density, specific heat capacity, coefficient of viscosity, thermal conductivity and the electrical conductivity of the base fluid. Whereas ρs, (Cp)s, µs, κs and σs are the density, specific heat capacity, coefficient of viscosity, thermal conductivity and electrical conductivity of the nanoparticles respectively.
In order to solve the governing boundary value problem (1)- (3), the stream function ψ(x, y) is introduced which identically satisfies Eq. (1) with
Equations (2)- (3) after utilizing Eqs. (6)- (10), are transformed into ∂ψ ∂y
Boundary conditions (4) are likewise transformed into
at y = 0; ∂ψ ∂y → 0 as y → ∞.
The following dimensionless similarity variable and similarity transformations are introduced into Eqs. (11)
where θ is the dimensionless temperature and
is the generalized Reynolds number. The system (11)- (12) is reduced into a self-similar system of ordinary differential equations
Here
is the local Prandtl number and
Similarly, the boundary conditions in equation (13) are transformed to
where
2n+2 is the velocity slip parameter
n+1 is the thermal slip parameter.
Numerical solution
The governing equation (15)- (16) with their associated boundary conditions (17)- (18) are solved numerically using the fourth order Runge-Kutta method with a shooting Table 1 : Values of skin friction = −f ′′ (0) and Nusselt number = −θ ′ (0) for natural convective MHD flow of power-law nanofluid with slip at the boundary (15)- (16) is first reduced to
where n ≠ 1,
where G 1 and G 2 are missing values which are chosen by a hit and trial method (as guesses) such that the boundary conditions g(∞) and θ(∞) are satisfied. Numerical computations are performed taking a uniform step size ∆η = 0.01 so that smoothness in the convergent solutions is obtained with an error of tolerance 10 −6 . Errors are inevitable due to the unbounded domain, whereas the computational domain must be finite. The step size and the position of the edge of the boundary layer are adjusted for different values of the governing parameters to maintain convergence of the numerical solution. Details of the solution procedure are not presented here for brevity. To confirm the numerical procedure, using the proposed code, the present results are compared with results available in the literature. The test case is natural convection of MHD boundary layer flow of power-law nanofluid over a surface (flat) having power-law slip. Comparison of our results and results of other investigators is shown in Table 1 . These results are obtained for a = 1, ϕ = A = ϵ = S = 0. As can be seen from Table 1 , the present results and the results presented by Hirschhorn at el. [34] show excellent agreement, for both the Nusselt number and the skin friction coefficient.
Results and discussion
A numerical investigation has been carried out to study flow of fluid and variations in temperature of a Cu-water power-law nanofluid within a boundary layer. To demonstrate the meaningful relationship between the parameters, i.e, n, A, ϵ, ϕ, M, S, δ and , numerically obtained results are presented in the form of graphs for variations in velocity f ′ (η) and temperature θ(η) profiles. The behavior of frictional drag and heat transfer rate at the flat surface are also calculated with variation in the governing parameters and tabulated in Table 1 . Material properties of Cu-water nanofluid are tabulated in Table 2 (see for exam The effect of temperature dependent viscosity on velocity of Newtonian (n = 1), pseudoplastic (n < 1) and dilatant (n > 1) fluids is presented in Figure 1 . We have chosen an arbitrary value n = 0.4 for pseudoplastic and n = 1.4 for dilatant nanofluids. The curves in Figures 1 follow the general trend, i.e, fluid motion within the boundary layer will decrease due to an increase in resistance in the fluid caused by increasing the viscosity parameter. Moreover, for a fixed value of the viscosity parameter (say, A = 0.6), the effect of the power-law index n on the velocity profiles of non-Newtonian nanofluids can be observed in Figure 1 . Initially fluids with pseudoplastic behavior move fastest within the boundary layer, whereas the velocity of dilatant fluids is the slowest. The reason behind this is the lowest effective viscosity of pseudoplastic fluids. This trend is reversed in the range where shear stress becomes more dominant and the viscosity of pseudoplastic fluids becomes highest. The temperature distribution of a powerlaw nanofluid effected by variation in the fluid viscosity is shown in Figure 2 . The effect of increasing the value of A, leads to thickening of the thermal boundary layer, which results in an increase in temperature and a decrease in heat transfer. This behavior is very noticeable in shear thickening fluids when compared to Newtonian and shear thinning fluids. Figures 3 and 4 depict the velocity and temperature profiles of power-law non-Newtonian nanofluid for variation in ϵ when M = ϕ = A = 0.2, S = 0.4, δ = 0.1, = 0.6. It is clear from Figure 3 , that the thermal conductivity parameter has no effect on the velocity profiles of nanofluid. However, increasing values of the index n, show thickening of the momentum boundary layer in some initial range of η and subsequently thinning of the momentum boundary layer thickness is observed. The reason for this behavior has already been explained in the preceding discussion of Figure 1 . Analysis of curves in Figure 4 illustrates that nanofluid temperature rises within the boundary layer with a rise in thermal conductivity and tends asymptotically to zero as the distance from the boundary increases. This fact is clear from our definition, κ nf > κ * nf for ϵ > 0, i.e., the thermal conductivity of a nanofluid increases with increasing values of ϵ. The variation in M (strength of applied transverse magnetic field) and its effect on nanofluid velocity is presented in Figure 5 for parameter values A = ϕ = 0.2, ϵ = 0.3,S = 0.4, δ = 0.1, = 0.6. The curves with index n = 1.4, indicate that thickness of the momentum boundary layer decreases with increasing value of M. In other words, the increasing strength of the magnetic parameter M boosts flow of the nanofluid within the boundary layer. In this case, the Lorentz force (generated due to application of a transverse magnetic field) counteracts the viscous forces and enhances nanofluids motion. Figure 6 presents variation in temperature profiles under slip conditions for different values of M. As the parameter M increases the temperature of the power-law nanofluid decreases within the boundary layer. This is because increasing the value with the physical behavior of nanofluids namely that the volume fraction of denser nanoparticles causes thinning of the momentum boundary layer. The rate of heat transfer is also reduced within the momentum boundary layer. The reason for this trend is that an increase in the volume of nanoparticles increases the overall thermal conductivity of nanofluids since the solid particles have higher thermal conductivity when compared to the base fluid.
The variation in δ and its effect on nanofluid velocity is shown in Figure 9 can be seen that the velocity for shear thinning, Newtonian and shear thickening fluids increases with increasing values of the velocity slip at the boundary. This expected behavior is due to positive values of nanofluid velocity at the boundary. As a result, thickness of the boundary layer will decrease when parameter δ increases. On the other hand, it is evident from Figure 10 that the surface slipperiness affects the temperature of the fluid inversely at the boundary, i.e., an increase in slip parameter tends to decrease the temperature of the power-law nanofluid and enhance the rate of heat transfer. The variation in S and its influence on motion and temperature of power-law nanofluids are shown in Figures 11-14 , respectively. The momentum boundary layer thickness decreases with increasing values of S > 0 (suction parameter). This is because more fluid is transferred into the boundary layer through the porous surface. From Figure  13 , it may be noted that the boundary layer thickness increases with increase in injection S < 0. The imposition of suction on the surface causes reduction in the thermal boundary layer thickness and injection causes an increase in the thermal boundary layer thickness. Table 3 presents the nature of the skin friction coefficient of the wall (velocity gradient) and Nusselt number (temperature gradient) at the boundary for the MHD slip flow of a power-law nanofluid. Similarly the nature of the skin friction coefficient and Nusselt number is observed for pseudoplastic, newtonian and dilatant nanofluids. Similar nature is observed for pseudoplastic, newtonian and dilatant nanofluids. Therefore, numerical computations are only presented for n = 1.4 in Table 3 . It can be seen that pseudoplastic fluids have the highest values and the dilatant fluids have the lowest values of the skin friction coefficient and Nusselt number. The lowest rate of effective viscosity for pseudoplastic fluids is the reason behind this. Moreover, it is evident that the velocity gradient at the boundary increases with increasing values of parameters A, ϕ, M, and S; whereas a reduction in the skin friction coefficient is observed for increasing values of δ and . Increase in the velocity gradient at the boundary corresponds to thinning of the momentum boundary layer thickness and decrease in the velocity of the nanofluids. The decreasing trend shows that the fluid velocity is approaching the free stream velocity. It is observed from Table 3 , that the Nusselt number increases with enhancement in the strength of applied transverse magnetic field M, δ the velocity slip coefficient of the surface and the S the suction/injection parameter. Increasing values of parameters A, ϕ, ϵ and decrease the Nusselt number.
Concluding remarks and future work
In this work the principal effects of variable viscosity, variable thermal conductivity and applied transverse magnetic field on slip flow and heat transfer characteristics of a power-law nanofluid over a porous flat surface have been analyzed numerically. To the best of the authors' knowledge no such study has previously been presented in the literature. The governing system of PDEs was transformed into a system of ODEs and then solved numerically. Numerical computations performed for temperature and velocity variation of Cu-water nanofluid within the boundary layer were presented through graphs and tables. Parametric effects of different governing parameters on velocity and temperature profiles were discussed. It is concluded that:
1. Pseudoplastic nanofluids have the highest skin friction coefficient and dilatant fluids have the lowest skin friction coefficient. The highest rate of heat transfer is observed for n < 1 and the lowest for the case n > 1 2. Increase in nanofluid viscosity and volume fraction of nanoparticles decreases the velocity and increases the temperature of nanofluids within the boundary layer. This will reduce the heat transfer rate and enhance thickness of the momentum boundary layer 3. Increase in strength of the applied transverse magnetic field and suction velocity increases the velocity and decreases the temperature distribution in the boundary layer 4. Increase in both velocity slip and thermal slip reduces thickness of the momentum boundary layer, whereas increase in slip velocity enhances and thermal slip reduces the rate of heat transfer.
The simplified model for flow and heat transfer analysis of a power-law nanofluid presents a qualitative analysis that can be quantified to calculate the thermal efficiency of the system. Results can be generalized to include the effects of variable viscosity, variable porosity and heat transfer of non-Newtonian nanofluids (see for example [36, 37] ). Comparisons can be drawn between the results of the presented model and nano scale flow. Alternatively, the present model can be solved by employing semianalytical methods [19, 36, 38] .
